In this paper, we will determine whether an automorphism of the unit disc without fixed point is parabolic or hyperbolic in terms of the Poincaré metric.
Introduction
The unifomization theorem for Riemann surfaces due to H. Poincaré [8] and P. Koebe [6] implies that a compact Riemann surface of genus greater than 1 should be a quotient space of the unit disc ∆ = {z ∈ C : |z| < 1}. This means that such Riemann surface is biholomorphically equivalent to ∆/Γ for some discrete subgroup Γ of the automorphism group Aut(∆). Here the automorphism group Aut(X) of a complex manifold X is the topological group of holomorphic automorphisms (self-biholomorphisms) of X with the law of the composition and the compact-open topology. If a complex manifold is hyperbolic in the sense of S. Kobayashi [4] , its automorphism group is a real Lie group. Automorphism groups of biholomorphically equivalent complex manifolds are isomorphic to each others under the conjugation by biholomorphisms.
From the uniformization theorem it is important to study the Lie group structure of Aut(∆) and its action on ∆. The Lie group structure of PSL(2, R) which is isomorphic to Aut(∆) has been studied in wide mathematical point of view (for instance, see [7] ). In such theory, it is known that there are three kinds of elements in PSL(2, R). An element H of PSL(2, R) is elliptic, parabolic or hyperbolic if |Tr H| < 2, = 2 or > 2, with respectively. Then for an automorphism f of the unit disc or its biholomorphically same Riemann surface, f is called elliptic, parabolic or hyperbolic if its representation H f in PSL(2, R) is so. This is independent of a choice of a representation. This trichotomy is also characterized by the action of a non-identity automorphism f of ∆ (for instance, see [3] ):
1. f is elliptic ⇔ it has a fixed point in ∆, 2. f is parabolic ⇔ it has only one fixed point in ∂∆, 3. f is hyperbolic ⇔ it has only two fixed points in ∂∆, Every automorphism of ∆ extends to a diffeomorphism of ∆; thus we can consider the fixed point of f ∈ Aut(∆) on ∆.
The aim of this paper is to characterize this classification in an intrinsic way. Let us consider ∆ as a manifold without boundary. Suppose that there is f ∈ Aut(∆) without fixed point in ∆ so it should be parabolic or hyperbolic. One may ask:
How can we determine the type of f not using the boundary extension of f ?
In order to achieve, it is natural to consider the Poincaré metric of the unit disc which is a hermitian metric of a negative constant curvature, so which is a complete metric. The unit disc has many its own geometric and analytic aspects in the geometry of the Poincaré metric (see [4, 2] ). We will study the parabolic and hyperbolic automorphisms in terms of the Poincaré metric.
For a hermitian metric h of a Riemann surface S, the metric distance function of h will be denoted by d h ( · , · ). For an automorphism f of S, we consider the two-sided iterations {f (n) : n ∈ Z} where
is the identity mapping of S and
The main result is the following. Theorem 1.1. Let S be a simply connected Riemann surface admitting a hermitian metric h of constant curvature −4. For a point p ∈ S, let ϕ : S → R be a negative function defined by
for q ∈ S. Then for any f ∈ Aut(S) without fixed point, the two-sided sequence
for some positive c. Moreover, the automorphism f is parabolic if and only if c = 1.
The Riemann surface in the theorem is biholomorphic to the unit disc and the function ϕ is a purely intrinsic quantity. Thus this gives an answer of the question. Note that a convergence of two-sided sequence a n (n ∈ Z) to b means that a n → b as n → +∞ or −∞.
We will mainly devote to confirm the main theorem for S = ∆ and p = 0 in Section 2. Then a short proof for the theorem will be placed in Section 3.
Automorphisms of the unit disc
In this section, we will study non-elliptic automorphisms of the unit disc ∆ and give a simple version of Theorem 1.1.
Parabolic and hyperbolic action
Let f be an automorphism of ∆ leaving the boundary point 1 ∈ ∂∆ fixed. When we write f by
for some α ∈ ∆ and θ ∈ R, the rotational factor e iθ is uniquely determined by α in the sense of e iθ = (1 +ᾱ)/(1 + α). Thus f will be denoted by f α where
Let us consider another fixed point of f α . Rewriting the equation f α (z) = z, we have
Thus another fixed point of f α is only
.
which also belongs to ∂∆. Thus f α is parabolic (β α = 1) if and only if 2 |α| 2 + α +ᾱ = 0 equivalently, 1 − |α|
Thus f α is parabolic if and only if |f α (1)| = 1.
Testing function
Let us consider the real-valued function ρ on ∆ defined by
This is a negative subharmonic function on ∆ which corresponds to the function ϕ in Theorem 1.1 for p = 0 (see Section 3). Let α ∈ ∆. For the automorphism f α of ∆ as in (2.1), we will consider the sequence (ρ n ) of positive functions defined by
Since each iteration f (n)
α of f α for n ∈ Z is also an automorphism of ∆ leaving 1 fixed, there is α n ∈ ∆ such that
Note that α 0 = 0 and α −1 = −ᾱ(1 + α)/α(1 +ᾱ). Then we have
Proposition 2.2. If the two-sided sequence (α n ) converges to β, then ρ n converges toρ defined byρ
In order to study the limit functionρ, we will describe the limit of α n for a parabolic or hyperbolic f α .
The parabolic case
The following implies that a parabolic automorphism f α is of the form:
for some s ∈ R.
Proposition 2.3. For each α ∈ ∆ with (2.2), there is a unique s ∈ R such that α = −is 2 + is .
Moreover the point α n for f (n) α = f αn can be written by
Proof. Let us consider the left-half plane H = {z ∈ C : Re z < 0} which is biholomorhic to the unit disc ∆ by the Cayley transform F : H → ∆ defined by
Note that its inverse is
we can conclude that for α ∈ ∆ with (2.2), the image F −1 (α) has −1 as its real part. This complete the unique existence of the proposition. Now we consider another Cayley transform G : H → ∆ defined by
In this case G −1 = G. For α = −si/(2 + si), we have the explicit formula for
Thus we have
As a conclusion, the sequence (α n ) for a parabolic f α converges to −1 as n → ±∞. Proposition 2.2 implies Lemma 2.4. If f α is a parabolic automorphism, then ρ n converges tô
as n tends to both of +∞ and −∞.
The hyperbolic case
Let f α be a hyperbolic automorphism of ∆. Since each iteration f (n) α has the common fixed point 1, we have |(f
, then the left-handed term above tends to +∞ as n → +∞. Since 1 − |α n | n is bounded by 1, we can conclude that α n → −1 as n → +∞. In case of (1 − |α| 2 )/(|1 + α| 2 ) < 1, taking n → −∞ we get that α n → −1 as n → −∞. Using Proposition 2.2 again, we have Lemma 2.5. If (1 − |α| 2 )/(|1 + α| 2 ) > 1 or < 1, then ρ n converges toρ as in (2.5) as n → +∞ orn → −∞, with respectively.
A conclusion
Let f α be an automorphism of ∆ leaving 1 fixed. By Lemma 2.4 and Lemma 2.5, we have the same functionρ(z) = (1 − |z| 2 )/ |1 − z| 2 as the limit of ρ n . By an elementary computation, we have
This gives the unit disc version of Theorem 1.1.
Theorem 2.6. For any α ∈ ∆, the two-sided sequence
Therefore f α is parabolic if and only ifρ/(ρ • f α ) = 1.
3 Proof of Theorem 1.1
Let S be a simple connected Riemann surface with a hermitian metric h S of constant curvature −4. Since the complex plane C and the Riemann sphere PC 1 , the other simply connected Riemann surfaces up to the biholomorphic equivalence, can not admit such metric, S is biholomorphic to the unit disc ∆. Moreover the Schwarz lemma for negatively curved Riemann surfaces due to L. V. Ahlfors [1] (see also [2] ) implies that a biholomorphism between ∆ and S is an isometry with respect to the Poincaré metric h ∆ of ∆ and the hermitian metric h. The Poincaré metric is defined by for ζ, ξ ∈ ∆ (see [5, 2] ).
